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Abstract 

In this paper, we prove the non-existence of certain semistable Galois representations of a 
number field. Our consequence can be applied to some geometric problems. For example, we 
prove a special case of a Conjecture of Rasmussen and Tamagawa, related with the finiteness 
of the set of isomorphism classes of abelian varieties with constrained prime power torsion. 

Introduction 

Let £ be a prime number and K a number field. In this paper, we show the non-existence of certain 
semistable €-adic Galois representations of the absolute Galois group Gk of K by using remarkable 
results on the tame inertia weights due to Caruso. Fix non-negative integers n, r and w, and a prime 
number 7^ Put • := {n,io,r,w). We consider the set RepQ^(Gi<-)* of isomorphism classes of 
^-adic representations of Gk fDefinition l2.4l (2)). This set is related with the dual of HV^X^, Qe), 
where X is a proper smooth scheme over K which has everywhere semistable reduction and has 
good reduction at a place of K above £o- Our main result in this paper is 



Theorem 0.1 (= Theorem 12. lip . Suppose that w is odd or w > 2r. Then there exists an explicit 
constant G depending only on K,n,iQ,r and w such that RepQ^(G'/f)* is empty for any prime 
number £ > G which does not split in K . 

Theorem 10.11 comes from a relation between the tame inertia weights and eigenvalues of Frobenius 
action (Proposition 12.81) . As a by-product of the above theorem, we obtain some approaches to 
algebraic geometry. For example, our result gives an application to a special case of the Rasmussen- 
Tamagawa conjecture i |RT| ) related with the finiteness of the set of isomorphism classes of abelian 
varieties with constrained prime power torsion. 

Now we describe an organization of this paper. In Section 1, we recall some results on integral 
p-adic Hodge theory given by Caruso |Ca]. In Section 2, we give explicit values of the tame inertia 
weights for certain semistable Galois representations and prove our non-existence theorem. In 
Section 3, we apply our consequence for some geometric problems. 

Acknowledgements. The author wish to thank Shin Hattori for bringing the work of Xavier 
Caruso. The author would like to express his sincere gratitude to Akio Tamagawa and Seidai 
Yasuda who pointed out the mistake of the previous version of the proof for the main theorem and 
gave him useful advise. 



Notation: 

For a prime number £ and a topological group G, an i-adic representation ofG (resp. F^-representation) 
is a finite-dimensional Q^-vector space V (resp. F^-vector space V) equipped with a continuous 
and linear G-action. For such a representation V, we denote by V'^ the dual of V, that is, 
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:= HoniQ,(y,Q£) (resp. := Hohif, (y, F^)) with the G-action defined by g.f{v) := fig'^.v) 
for / G g € G and v € V. For any scheme X over a commutative ring R and an i?-algebra i?', 
we denote the fiber product X Xspec(_R) Spec(i?') by Xji>. 

1 Tame inertia weights of semistable representations 

In this section, we recall the definition of the tame inertia weights (cf. [Sg,, Section 1) and Caruso's 
work for the tame inertia weights of a residual representation of semistable Galois representations 
(cf. [Cap . Let Kx be a complete discrete valuation field of characteristic zero with perfect residue 
field k of positive characteristic i and Gkx its absolute Galois groups. Let e be the absolute 
ramification index of K\. The tame inertia weights of an £-adic semistable Galois representation 
of Gkx with Hodge- Tate weights in [0,r] have remarkable properties ii er < £ — 1. For example, 
Serre conjectured in [Se] that the tame inertia weights on the Jordan-Holder quotients of a residual 
representation of the r-th ^-adic etale cohomology group HT^{Xj^^ ,Qe) of a proper smooth scheme 
X over K\ are between and er. Caruso proved this Serre's conjecture in [Caj by using the integral 
p-adic Hodge theory. As an another example, in |CS| . Caruso and Savitt proposed the tame inertia 
polygon of an ^-adic semistable Galois representation of Gkx j and they showed that this polygon 
has good relations with the Hodge polygon and the Newton polygon introduced in |Fo| . 

1.1 Tame inertia weights 

We denote by Ix the inertia subgroup of Gkx , Iw its wild inertia subgroup and It '■— Ix/Iw the tame 
inertia group. Let V be an /i-dimensional irreducible F^-representation of Ix and fix a separable 
closure f"^ of F^. By the irreducibility, the action of Ix on V factors through It and thus we can 
regard F as a representation of It. Applying Schur's lemma, we see that E := Endi^{V) is the 
finite field of order Moreover, the representation V inherits a structure of a 1-dimensional E- 
representation of It by the natural manner. This representation is given by a character p: It — > E'^ . 

Choose any isomorphism / : E — W^h and consider the composition pj: It A E^ A F^^: 



Pf 




GL{V) = Endw.iV)'' 

Denote by figh_i{Kx) the set of {£''■ — l)-st roots of unity in a separable closure Kx of Kx- 
Consider an isomorphism p^h_i{Kx) — F^^ coming from a surjection F^, where is the 

integer ring of Kx, and take the following fundamental character of level h: 

Oh-. It-^ ^ig-i{Kx)^¥^^. 

cr 1-^ — 
V 

Here 77 is a {£^ — l)-st root of a uniformizer of Kx- It is easy to check that Oj^'^^'^ = di, 

6*^ ~^ = 1 and, with respect to h embeddings ¥gh ^ F^, all the fundamental characters are given 
by 9h,o{-= 0h)-,0h,i,6h,2, ■ ■ ■,Oh,h-i, where Oh^i = O'j^^i^i for < i < /i - 1 and Ohfl = It 
is known that 61 coincides with the mod £ cyclotomic character ([Se], Section 1.8, Proposition 8). 
Since It is pro-cyclic and lm(0;i) — F^^, there exists an integer nj G {0, 1, . . . , ^'^ — 2} such that 
Pf = 9^^ . If we decompose Uf = no + ni£ + n2£^ -!-•■• + nh-i£'^~^ with integers < < ^ — 1 for 
any i, then we can see that the set {riQ, rii, ri2, . . . , n/i_i} is independent of the choice of /. 

Definition 1.1. We call these numbers no,ni,n2, ■ ■ ■ ,nh^i the tame inertia weights of V . In 
general, for any F^-representation V oi Ix, the tame inertia weights of V are the numbers of the 
tame inertia weights of all the Jordan-Holder quotients of V . 
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Example 1.2. Suppose that k is algebraically closed. Let E be an elliptic curve over K\ with 
semistable reduction. If E has supersingular reduction, assume e — 1. Then the tame inertia 
weights of E[£] are and e (cf. [Se], Section 1, Proposition 11 and 12). 

Definition 1.3. Let V be an €-adic representation of Gk^- The tame inertia weights of V is the 
tame inertia weights of a residual representation of V\i^. 

The above definition is independent of the choice of a residual representation of V by the 
Brauer-Nesbitt theorem. 

Definition 1.4. Let w be an integer with < w < ^ — 1 and V be an n-dimensional £-adic 
representation of Gkx- Denote hy wi < W2 < ■ ■ ■ < Wn all the tame inertia weights of V. We say 
that V is of uniform tame inertia weight w ii wi = W2 — ■ ■ ■ — w„ = w. 



1.2 Caruso's Result 

Fix an integer r > such that er < £ — 1. We use the ring 5' and the category Mod^'*'^ of 
finite torsion S'-modules equipped with some additional structures as in Section 1 of |Ca| without 
giving the precise definitions. The category Mod^'*'^ is just the category M '^ given in op. ait. The 

category Mody is an abelian category (cf. |Ca| . Section 3.5). We denote by Rep^* (G'iC;^)'' (resp. 
Rep^j {Gk^ )tors) the category of G^^-stable Z^-lattices of semistable ^-adic representations of Gk^ 
with Hodge- Tate weights in [0, r] (resp. the category of finite torsion Z^-modules with a continuous 
G^^:;^ -action). Denote by Mod^'^'^ the category of strongly divisible modules over S of weight r 
(cf. |Ca) . Section 7.1). There exist the following two contravariant functors 

r,t :Mod)'*'^^Rep^*^(G;fJ'- 

and 

satisfying good properties. For example, 

(1) (cf. |Ca| . Theorem 1.0.5) The 1st T^t is an isomorphism, 

(2) (cf. |Ca| . Theorem 1.0.4) The 2nd Tgt is exact and fully faithful, and its essential image is stable 
under taking sub-objects and quotient objects. 

If X e ModT/gf is isomorphic to S/P^^S® S/T^S® • • • © S/T-^S as ^-modules, then T^t{M) is 
isomorphic to Zt/i^^lt © lilT'^'Li © • • • © "Lt/T'^'Li as Z^modules ([Cal, Proposition 6.4.5). By 
the definition of strongly divisible modules, we see that, for any strongly divisible module M and 
n > 0, the quotient JVI/P^M. is an object of Mody'*'^ and the following diagram is commutative: 

Mod-*'^ Re^liGKj 



Tst: Mod^*'"^ ^ Repx fG^f Jtors 



mod 



mod 



Uod'flf Z^ Rep^^(GKjtors. 

If k is algebraically closed and M G Mod^*'^ is a simple object, then Tst(A4) is an irreducible 
Ff-representation of Gk^ and its tame inertia weights are between and er ( |Ca) . Theorem 1.0.3). 
By using the above facts, we can show the following important theorem: 

Tileorem 1.5 f |Ca| ). Let Ti £ Rep^'^ (G^^ )'' and fi = Tg/iTi its residual representation. Then 
the tame inertia weights ofTi\j^ are between and er. 
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Proof. We may assume that k is algebraically closed. Choose the strongly divisible module A4 
corresponding to via Tgt- Then M := M/£M is contained in Mod^'*'^ and Tst{M) is isomorphic 

to Tg. We identify Tst{M) with T^. Since the essential image of Tgt : Mody'*'^ Rep'i^{GKx)tors 
is stable under sub-quotient, any Jordan-Holder quotient of Ti is isomorphic to the representation 
of the form Tst{M') for some A4' G Mod^^'^. The object A4' is simple because the functor T^t is 
exact and fully faithful. Therefore, we obtain the desired result. □ 

Remark 1.6. In fact, we do not need the assumption er < £ — 1 for Theorem 11.51 (the case 
er > ^ — 1 is trivial) . 

2 Non-existence theorems 

In this section, we calculate the tame inertia weights of £-adic representations with certain geometric 
and filtration conditions for a prime number £ large enough. As a result, we show the non-existence 
theorems of certain Galois representations. 

Let K he a. finite extension over Q and fix an algebraic closure K of K. We put Gk ■— 
Ga\{K/K), the absolute Galois group of K. Let ^ be a prime number. For any finite place v of 
K, we denote by Gy and ly the decomposition group and its inertia subgroup at v, respectively. 
Furthermore, we denote by e„ the absolute ramification index at v, the order of the residue field 
of V and Fr„ the arithmetic Frobenius at v. For a place X of K above £, we identify G\ with the 
absolute Galois group Gi<-^of a A-adic completion K\ of K via a fixed embedding K ^ K\, where 
K\ is an algebraic closure of K\. 

Definition 2.1. Let A be a place of K above £ and V an ^-adic representation of Gk- The tame 
inertia weights of V at X is the tame inertia weights of V\ax (cf. Definition II. 3p . For an integer 
< w < £ — 1, we say that V is of uniform tame inertia weight w at X if V\gx is of uniform tame 
inertia weight w (cf. Definition II. 4p . 

2.1 Geometric and filtration conditions 

We define the set of representations we mainly consider throughout this section. We fix non- 
negative integers n, r, w and w, and a prime number £q different from £. Let Xi be the mod £ 
cyclotomic character. Take an n-dimensional ^-adic representation V of Gk and denote by V its 
residual representation. Now we consider the following geometric conditions (G-1), (G-2), (G-2)' 
and (G-3), and filtration conditions (F-1) and (F-2): 

(G-1) For any place X oi K above £, the representation V\gx is semistable and has Hodge- Tate 
weights in [0, r]. 

(G-2) For some places Aq of K above £o, the representation V is unramificd at Ao and the charac- 
teristic polynomial det(T — Fr^^ \ V) has rational integer coefficients. Furthermore, there exists non- 
negative integers wi{V),W2{V), . . . , Wn{V) such that wi{V)+W2{V)-\ \-Wn{V) < w and the roots 

of the above characteristic polynomial have complex absolute values (J^l) Oxg^"^"^^^ y • ■ • i ^Aq"'^^^^ 
for every embedding Qi into C. 

(G-2)' The condition (G-2) holds and wi{V) = W2iV) = ■ ■ ■ = w„(F) = w. 
(G-3) For any finite place A of K not above £, the action of Ix on V is unipotent. 
(F-1) The representation V has a filtration of Gi<--modules 

{0} = C \/i C • • • C K-l CVr,^? 

such that Vfe has dimension k for each 1 < fc < n. 
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(F-2) The condition (F-1) holds. Moreover, for each 1 < k < n, the Gif-action on the quotient 
Vfc/Vfc-i is given by g.v — xT^d)^ ^'^^ some < < ^ — 2. 

If an i!-adic representation V satisfies the condition (F-1), then we say that V is of residually 
Borel. We note that it is independent of the choice of a residual representation V oiV whether the 
filtration conditions (F-1) and (F-2) hold or not. If n = 2, then (F-1) is equivalent to the condition 
that V is reducible. 

Example 2.2. Suppose w < r. Let X be a proper smooth scheme over K which has every- 
where semistable reduction and has good reduction at some places of K above io. Then the dual 
Hy^Xj^^QiY of the w-th ^-adic etale cohomology group of X satisfies the geometric conditions 
(G-1), (G-2)' and (G-3). 

Proposition 2.3. Let X be a proper smooth scheme over K and w an odd integer. Denote by 
Sx the finite set of prime numbers p such that X has bad reduction at some place of K above p. 
Then, there exists a finite extension L of K such that, for any £ ^ Sx, the £-adic representation 
Hyi{Xi,Qe) ofGL is semistable at all finite places. 

In particular, we have the following: Let X and L be as above. Fix a prime number £o ^ Sx and 
take a prime number £ such that £ ^ Iq smd £ ^ Sx- Then HVl{Xi,Qt)'^ satisfies (G-1), (G-2)' 
and (G-3) as a representation of Gl- 

Proof of Provosition \2. A If we admit the semistable conjecture for X, then we can prove this 
proposition easily. However, we can obtain the desired result without using the semistable con- 
jecture as below: For any algebraic extension K' of K, denote by Sx,k' the set of places of K' 
which is above one of the prime numbers in Sx- Take any place v G Sx,k- By de Jong's alteration 
theorem { |d J] . Theorem 6.5), there exist a finite extension K'^ of K^, a proper strictly semistable 
scheme over Ok'^ and a morphism y" ^ X compatible with Spec(C'if^) Spec(C'if^) such 
that the morphism f : y" ^Of^, induced by the above morphism is an etale alteration (see also 
[Tsj . Theorem A3). Here X is a. proper fiat model of Xk^ over Ok^- Such a model always exists 
by the compactification theorem of Nagata. Take any prime number £' . If we denote by /* and /* 
the induced homomorphisms Hll{y-j^,,Q,,) ^ HZ{X,i^,Qt) and (X^f^ , Q,0 H^,{yi,^Mt) 
respectively, then the map /, o /* is the multiplication by deg(/). In particular, the map /* is 
injective. Thus we may consider that HVl{Xj^, , Q^/) is a sub-representation of H^tiy^, , Qt)- Now 
take a finite extension K{v) of K and a place w{v) of K{v) above v such that K{v)^(^y-) = K'^, 
where if (?;)„,(„) is the w(w)-adic completion of K{v). The existence of K{v) and w{v) is an easy 
consequence of [Laj . Chapter II, Section 2, Proposition 4. We denote by L the Galois closure, over 
K, of the field generated by aU K{v). Here v runs through all the places of K in Sx,k- Now we 
take a prime number t ^ Sx- It suffices to show that the £-adic representation TJ^J^X^, ) of Gl 
is everywhere semistable. Take any finite place wl of L. If vul ^ Sx,l^ then X has good reduction 
at wl and in particular H]f^{Xi,Qi) is semistable at vul- Suppose wl G Sx,l- We denote the 
restriction of wl to K by v. Take y^ and the place w{v) of K{v) as above. Furthermore, we take 
a place w'j^ of L above w{v). Since the action of /^^ is unipotent on _ff^(y£, Q^), we have that the 
action of ly,^ on ifJ^(X^,Q^) is unipotent, too. Since the inertia subgroup /^^ conjugates with 
by the element of Gk, we see that the action of 7^,^ on HVl{Xj^, Qi) is also unipotent, that 
is, HVl{Xi,Qi) is semistable at wl- This finishes the proof. □ 

Definition 2.4. Put o := {n,£o,r,w) and • :— {n,£o,r,w). 

(1) We denote by RepQ^ (Gk)"^^,) (resp. RepQ^ (GK)'y^[) the set of isomorphism classes of n- 
dimensional ^-adic representations V of Gk which satisfy (G-1), (G-2) and (F-2) (resp. (G-1), 
(G-2)' and (F-2)). 

(2) We denote by RepQ^ {Gk)° (resp. RepQ^ {Gk)' ) the set of isomorphism classes of n-dimensional 
£-&dic representations V oi Gk which satisfy (G-1), (G-2), (G-3) and (F-1) (resp. (G-1), (G-2)', 
(G-3) and (F-1)). 



5 



Clearly, we have 

RepQ^(GK)°y^i c RepQ^(GK)° 

U U 

R.epQ^(GK)cyci C Rcpq^(Gk)', 

where • = (n, £o, r, w) and o = (n, i?Oi w)) for any nw < w. 
Our main concern in this section is the following question: 

Question 2.5. Does there exist a constant C which depends on K and • [or o ) such that the sets 
defined in Definition \2.4\ are empty for i > C ? If the answer is positive, how can we evaluate such 
a constant C? 

Remark 2.6 (Trivial case). Take a representation V E RepQ^(GK)'. By (G-2), the complex 

absolute value of the determinant of Fr.^g acting on V is Qv^^'^ and this must be an integer. From 
this fact, if n and w are odd and the extension K/Q is Galois of an odd degree, then RepQ^ (Gi^)' 
is empty for any prime £ ^ (q. As this example, there exist lots of pairs of {K, •) (resp. (K, o)) 
such that RepQ^ (Gif)' (resp. RepQ^(Gx)°) is empty for a prime £ (large enough). Wc hope to 
know "non-trivial cases" of the emptiness of the sets given in Definition 12.41 

2.2 Main results 

We denote by d, dx and h'^ the extension degree of K over Q, the discriminant of K and the 
narrow class number of K, respectively. Put M := maxjnr, w/2} and 

_ r {n/2) if n is even, 

^" '~ I ((»-")/2) if is odd. 

Clearly this is equal to max{( ^ ) | < m < n}. Now we put 

El :— dM, £2 ■— dei, £\ :— dh\M, e'2 '■— de'i, 
Gi Gi(d,.) := 2c,/^\ G2 G2(rf,.) := 2c„C> 

C[ := C[(K,,) := 2c„4\ G^ G^(X,.) 2cjf. 

The following two propositions play an essential role for our main results. 

Proposition 2.7. Any £-adic representation V in the set Hepq^ (G K)cyc\ ^'^■^ tame inertia weights 
s\Wi{V)/2,exW2{V)/2, . . . ,exWn{V)/2 at any place X of K above £ under any one of the following 
situations: 

(a) £] dK and £ > Gi; 

(b) ^>G2. 

Proposition 2.8. Suppose that £ is a prime number which does not split in K. Any £-adic repre- 
sentation V in the set RepQ^ {Gk)° has tame inertia weights e\Wi(y)/2, e\W2{V)/2, . . . , e\Wn{V)/2 
at the unique place X of K above £ under any one of the following situations: 

(a) £\dK and£> C[; 

(h)£>C'2. 

To prove these propositions, we need the following lemma: 

Lemma 2.9. Let s,ti,t2, ■ ■ ■ ,tn and u be non-negative integers such that < s < u and < 
tk < fu for all k. Let V be an n-dimensional £-adic representation of Gk which satisfies (G- 
2). Decompose det(T — Fr^gly) = ni<fe<n(^ ^ '^k)- If the set {af,a2, . . . coincides with 

the set {ql:„,q{l,. . . , ql^} m F, and £ > 2c„C^-, then {af , a^, . . . , a^} = {qi\,qil,- ■ ■ , q'xl}- In 
particular, we obtain {swi{V)/2, sw2{V)/2, . . . , sWniV)/2} = {ti, t2, . . . , t„}. 
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Proof. We basically follow the proof by the method which has been pointed out by Rasmussen and 
Tamagawa. Let us denote by Smixi, X2, . . . the elementary symmetric polynomial of degree 
m with n-indeterminates xi,X2t ■ ■ ,Xn for < m < n, that is, 



J]^ (r-Xfe)^ ^ Sm{xi,X2,...,Xn)T"-' 



Kk<n 0<m<n 



For any < m < n, the condition (G-2) implies that Sm{ai, a2, • ■ • , is a rational integer for 
all m and hence Sm{c(l, a|, . . . , a^), which is a symmetric polynomial of ai, a2, • • ■ , a„, is also a 
rational integer. On the other hand, we have 



\Sm{ai,a2, ■ . ■,aj\ < ^ [q^^ ) 



and 



l<si<---<s,„<ri 



l<si < ■ ••<SjTi<n 



by (G-2), where |-| is the complex absolute value. Since we have S'm(ai, ai: = Smiqxg ' ^Aq i • • • i Ixq) 

mod ^ and £ > 2c„£[5*^"> we obtain 

for all m. This implies 

n E 5™(a^a^,...,OT— 

l<A;<n 0<m<n 
0<m<n 

= n 

l<k<n 

and thus we finish the proof. □ 

Now we start the proofs of Proposition l2.7l and l2.8l Take any representation V which is an ele- 
ment of the set RepQ^ (Gi<-)° and denote its residual representation by V. Then the representation 
V has a filtration of GA'-modules 

{0} - C ^1 C • • • C K_l CVn^V 

such that Vfc has dimension k for each 1 < fc < n. We denote by ipk ■ Gk the character 

corresponding to the action of Gk on the quotient Vk/Vk-i for each 1 < fc < n. Take any place A 
of K above ^. By Theorem II. 5 [ we obtain V'/c = 0-^'^ on Ix for some integer < bk^x < exr, where 
^^i.A ■ I\ ^ is the fundamental character of level one at A. Take a place Ao of K above £o as in 
(G-2) and decompose det(T - FrAjV^) = Uki^ - Then, we see 

{ai,a2, . . . ,a„} = {V'i(FrAo), V'2(FrAo ),■•■, V'»(FrAo)} (*) 

in ¥f. 
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Proof of Proposition \2. 1\ Assume that V is an element of the set 'RepQ^{GK)°yci- Then we may 
suppose V'fc = Xi"" for any k by (F-2). The relation Xi'' = (^\^x on Ix implies 9\^^'' = o\^'^ and thus 
e\ak = hk,x mod £ — 1. Hence we have xT'"' ~ Xi'^ on Gk and thus the set {a\'" , 0.2^ , a"^ } 
coincides with the set {9^0 ^ ' ^Ao ^ ' • • • j 9ao'^} by (*)■ -^y Lemma we have 

{exWi{V)l2, . . . , exWn{V)l2} = . . . , 6„,a} 

if ^ > 2i3„£Q^''^ . Since ex < d and ca = 1 if ^ f ^if: have the desired result. □ 

Proof of Provosition \2.^ We note that each %pk is unramified away from (. by (G-3). Now we 
assume that any one of the following conditions (A) or (B) holds: 

(A) l\dK; 

(B) No additional assumptions. 

Setting b'f, := bk^xl&\ G Q, we have < < r. We note that, if we put 



D 



1 under (A), 
d under (B), 



then we see D/ex G Z. Since tpk — o\'x on Ix, we see that ipl'^Xe ^'''^ is trivial on Ix and thus 

(V'fc^Xf ^''•^)-D/eA _ V'fc'Xf ''''^ is also trivial on 7^. Since the characters il^k and are unramified 

away from I, this implies that V'fe'x^ ''''^ is unramified at all finite places of K (recall that £ does 
not split in K). By class field theory, it follows 



,lDh+^ _ biDh+ 

Vk — Xp, 

on Gk- Recall that is the narrow class number of K. Thus we have that the set {af"'^ , a^^'^ , ■ ■ ■ , an^'^ } 

coincides with the set {q^^^ ,q^^ , ■ ■ ■ , Qxl } in by (*). Now we assume 
Then we have 

{Dh+wi{V)/2, Dh+WniV)/2} = {b[Dh+, b'^Dh+} 

by Lemma 12.91 Our result comes from this equation. □ 

Now we can obtain our main results. 

Theorem 2.10. Suppose that w is odd or w > 2r. Then the set RepQ^ (Gif )'yj,j is empty under 
any one of the following situations: 

(a) w is odd, £ \ d^ and i > Ci; 

(b) w is odd, the extension K/Q has odd degree and £ > C2; 

(c) w > 2r, £\ dx and £ > Ci; 

(d) w > 2r and t > C2; 

(e) w and n are odd, and £ > C2- 

Theorem 2.11. Suppose that w is odd orw> 2r. If £ does not split in K , then the set RepQ^ {GkY 
is empty under any one of the following situations: 

(a) w is odd, £ \ dpc and £ > C'l; 

(b) w is odd, the extension K/Q has odd degree and £ > C^; 

(c) w > 2r , £ \ dx and £> C[; 

(d) w>2r and£> C'^, 

(e) w and n are odd, and £ > C!^- 
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Proofs of Theorem \2.1C\ and \2.11\ We only prove Theorem 12.101 because we can prove Theorem 
12.111 by the same way. Suppose that there exists an ^-adic Galois representation V which is 
contained in RepQ^ (Gk and take its residual representation V. If we assume one of the 
situations (a) and (b) given in Proposition 12 .71 then V is of uniform tame inertia weight e\w/2 at 
any place \ oi K above ^, and thus e\w/2 must be a rational integer. Moreover, by Theorem II .51 
it follows that the tame inertia weight exivjl is between and e\r. However, if we assume any 
one of the conditions (a), (b), (c) and (d), then e\w is odd for some A or e\w/2 > e\r. This is a 
contradiction. The rest of the assertion related with (e) follows from the fact f [CSj . Theorem 1) 
that the sum of all the tame inertia weights of at A must be divisible by ca. d 

Remark 2.12. To remove the special assumption does not split in if" in Theorem 12.111 is 
impossible in general because there exists such an example, which is pointed out by Akio Tamagawa: 
Let E be an elliptic curves over K with complex multiplication over K by an imaginary quadratic 
field := Q ®z EndK(i?) C K . Then E is potential everywhere good reduction and thus we may 
suppose E has everywhere good reduction over K. Put :— ®q F, which is a semisimple 
Q^-algebra. It is well-known that acts faithfully on the Tate- module Vi{E) of E and thus 
Vt{E) has a natural structure of 1-dimensional vector space. If ^ splits in F , the decomposition 
Ft ~ Q( y. induces a decomposition of Vi{E) as a sum of 1-dimensional G^-stable £-adic 
representations. For such odd prime ^, it is easy to check that Vt{E) is an element of the set 
RepQ,(Gif)',where. = (2,2,l,l). 

3 Applications 

We give some applications of our results. We use same notation as in the previous section. 
3.1 Rasmussen- Tamagawa Conjecture 

As a first application, we show a special case of a Conjecture of Rasmussen and Tamagawa. We 
denote by K( the maximal pro-£ extension of K{pi) which is unramified away from £. 

Definition 3.1. Let .g > be an integer. Wc denote by A{K,g,£) the set of if- isomorphism classes 
of abclian varieties A over of dimension which satisfy the following equivalent conditions: 

(1) K{A[£^]) c Kf, 

(2) The abelian variety A has good reduction outside i and the extension K{A[£]) / K{fi(i) is an 
^-extension; 

(3) The abelian variety A has good reduction outside i and A[£] admits a filtration of G^-modules 

{0} = Vb C C • ■ • C V2g-i C V2a = A[£] 

such that Vk has dimension k for each 1 < fc < 2^. Furthermore, for each 1 < k < 2g, the 
Gi<-action on the space Vk/Vk-i is given by g.v — XiidY'' • ^ for some £ Z. 

The equivalently of the above three conditions follows from the criterion of Neron-Ogg-Shafarevich 
and LemmalSHbelow (put G = G&\{K {A[£°^]) / K) , N = Ga\{K {A[£'^]) / K {m)) and apply Lemma 
13.41 to the group A[£]). The set A{K,g,£) is a finite set because of Faltings' proof of Shafarevich 
Conjecture. Rasmussen and Tamagawa conjectured that for any £ large enough, this set is empty: 

Conjecture 3.2 ([KT], Conjecture 1). The setA{K,g) := {{A,e) \ [A] e A{K,g,£), £ : prime number} 

is finite, that is, the set A{K, g, £) is empty for any prime £ large enough. 

We call this conjecture the Rasmussen- Tamagawa conjecture. It is known that the Rasmussen- 
Tamagawa conjecture holds under the following conditions: 

(i) K and g^l ([^, Theorem 2); 
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(ii) K is a quadratic number field other than the imaginary quadratic fields of class number one 
and 5 = 1 (JiT , Theorem 4). 

We consider the semistable reduction case of Conjecture 13.21 

Definition 3.3. (1) We denote by A{K, g, £)st the set of iiT-isomorphism classes of abelian varieties 
in A{K,g,£) with everywhere semistable reduction. 

(2) We denote by A{K,g, £o,£)st the set of i^T-isomorphism classes of abelian varieties A over K 
with everywhere semistable reduction, of dimension g, which satisfy the following condition; The 
abelian variety A has good reduction at some places of K above £o and A[£] admits a filtration of 
Gi<--modules 

{0} = Vb C \/l C • • • C V2g-1 C V2g = A[£] 

such that Vfe has dimension k for each 1 < fc < 2g. 

Clearly, we see A{K, g, £)st C A{K, g, £o, £)st since £ £o- The set A{K, g, £)st is finite, however, the 
set A{K, g, £o, £)st may be infinite. The Rasmussen-Tamagawa conjecture implies that A{K, g,£)st 
will be empty for a prime £ large enough. We will prove that A{K,g, £o^£)st is in fact empty for 
a prime £ large enough which does not split in K. Recall the lemma proved by Rasmussen and 
Tamagawa (cf. [RT , Lemma 3). Let G be a topological group with a normal pro-£ open subgroup 
N, such that the quotient A = G/N is isomorphic to a subgroup of . Because N is pio-£, we see 
that N has trivial image under any character ip: G — >■ . Hence, there always exists an induced 
character -0 : A F^ . Let x : G — ?> F^ be a character such that the induced character x is an 
injection A ^ F^ . Finally, let V" be a finite dimensional F^-vector space of dimension n on which 
G acts continuously. 

Lemma 3.4. The vector space V admits a filtration of Gk -'modules 

{0} = C \/l C • • • C K_l CVn^V 

such that Vk has dimension k for each 1 < k < n. Furthermore, for each 1 < k < n, the G-action 
on the space Vfe/Vfc-i is given by g.v — xCff)"*" ' ^ for some G Z, < < t^A. 

Proof. The proof will proceed by the same method as the proof of Lemma 3 of |RT) , thus we omit 
it. □ 

Take an abelian variety A which is in the set A{K,g,£)st (resp. A{K,g,£Q,£)st)- Then Vi{A) is an 
element of the set RepQ^ {GK)lyc\ (^^sp. Rep^^ {Gk)* ) with • = (2g, 2,1,1) (resp. • = (2g, £oAA)) 
for any £> 2 (resp. £> £q). Consequently, we obtain the following results as corollaries of Theorem 
[2T0l and [2TH 

Corollary 3.5. The set A{K,g,£)st is empty under any one of the following situations: 

(a) £\dK and£> 2^^ ( ^^f), where 5i := 2dg + I; 

(b) The extension K/Q has odd degree and £ > 2^^ ( g^). where S2 ■= 2d^g + 1. 

Corollary 3.6. Suppose that £ does not split in K. The set A{K,g, £(j,£)st is empty under any 
one of the following situations: 

(a) £]dK and£> 2^^' ( ) ; where S[ := 2dgh+; 

(b) The extension K/Q has odd degree and £ > 2£q^ (^/); where d'2 2d^gh'^. 

Remark 3.7. Rasmussen and Tamagawa have shown the finiteness of the set A{K,g)st by using 
the result of jRaj instead of Theorem 11.51 (unpublished). Our main results in this paper are 
motivated by their work. 
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3.2 Irreducibility of ^-torsion points of elliptic curves 

We consider the following classical question: 

Question 3.8. Does there exist a constant ck, which depends only on K, such that for any 
semistable elliptic curve E defined over K without complex multiplication over K , the represen- 
tation in its i-torsion points E[£] is irreducible whenever £ > ck^ Furthermore, if the answer is 
positive, how can we evaluate such a constant c^? 

By Mazur's results on a moduli of rational points of modular curve Xo{N) ( jMa| ) . it is known that 
CQ = 7. If if is a quadratic field, then the existence of ck is known and moreover, if the class 
number of if is 1, then the explicit calculation of ck is given by Kraus |Krl| . By combining results 
on Merel ( |Me| ) and Momose ( |Mo| ) . Kraus showed the existence of ck for a number field K which 
does not contain an imaginary quadratic field of class number 1 ([Kr2J). Moreover, Kraus defined 
the good condition "(C)" associated with K in op. cit, such that the existence and the explicit 
value of ck is known if K satisfies this condition. 

The following is easy consequence of Corollarv 13.61 under the case 5 = 1. 

Corollary 3.9. Let E he an elliptic curve over K with everywhere semistable reduction. Let £e 
be the minimal prime number p such that E has good reduction at some finite places of K above p. 
Suppose £ does not split in K . Then E[P\ is irreducible under any one of the following conditions: 

(a) £\dK and£> 4ff , where S'{ := 2dh+; 

(b) The extension K/Q has odd degree and £ > , where d!^ := 2d^hf^. 

We remark that the above corollary is valid even if E has complex multiplication over K. 

3.3 Residual properties of etale cohomology groups 

For any semistable elliptic curve E over Q, Serre proved the following ([Se], Section 5.4, Proposition 
21, Corollary 1): Let be the minimal prime number p such that E has good reduction at p. 
Then E[e] is irreducible if ^ > (1 + £]^^)^. 

As a corollary of Theorem l2.111 we can slightly generalize this fact to etale cohomology groups 
of odd degree. 

Corollary 3.10. Let X be a proper smooth scheme over K with everywhere semistable reduction 
and w an odd integer. Let fe^(X) be a w-th Betti number of X and £x the minimal prime number 
p such that X has good reduction at some places of K above p. Then there exists a constant C 
depending only on hw{X) and £x such that for any prime number £ > C which does not split in 
K, the etale cohomology group Hf^{Xf^,<[^ii) is not of residually Borel. More precisely, if i does 
not split in K, H^^{Xj^,<Q^i) is not of residually Borel under any one of the following conditions: 

(a) £\dK and £ > 2i3b„(x)^x'' where Ai := b^{X)dh'j^w; 

(b) The extension K/Q has odd degree and £ > 2i?t,„(x)^x^; where A2 := bw{X)d^h^w. 

Proof. Putting • {b^{X),£x, w, w), we sec that the dual of HVl{X , Q^) is contained in the set 
R-GPq^ (Gif )'. Applying Theorem 12. Ill we obtain the desired result. □ 

For any proper smooth scheme X over K, there exists an finite extension L over K such that 
Hf^{Xi, Qf) is everywhere semistable as a representation of Gl for almost all £ by Proposition l2.3l 
If this is the case, we see that Hyi{Xi,Qg)^ satisfies (G-1), (G-2) and (G-3) as a representation 
oi Gl. Thus if we can obtain the explicit description of L, we will able to obtain the analogous 
result of corollarv 13. 101 for a prime £ large enough which does not split in L. However, it is very 
difficult to determine such L in general. We can determine this L if X is an abelian variety. If this 
is the case, Raynaud's criterion of semistable reduction ( |Gr) . Proposition 4.7) implies that X is 
everywhere semistable reduction over L K {X [3] , X [5]) . 
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